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Definitions of most of the concepts and terms used in the sequel can be found in [7] 
and [l]. 
If one looks at classes of sequential spaces included as coreflective subcategories into 
larger classes, one may consider various questions concerning products. The basic one 
is what products of sequential spaces are sequential? (Products are always meant in the 
whole category.) That question may be generalized to the following question involving a 
reflection r: for which families {Xi} of sequential spaces, the equality r n Xi = n rXi 
holds? Or, when r fl sXi = n rsXi? (Here s is the sequential modification.) In case that 
r is a bireflection generated by a space 2, another form of the last question for general 
spaces is for which families {Xi} of sequential spaces, every sequentially continuous 
mapping on n Xi into Z is continuous? The most known case is that of 2 = Iw, i.e., r is 
the completely regular modification, and spaces X for which rsX = X are sometimes 
called sR-spaces, or T-sequential spaces. 
We shall use without quoting the following well-known categorical result: 
If C is bicorejlective in K with a corejlection c, and Xi, i E I, are objects of K, then 
every f : c n Xi + K E K factors canonically via n cX~ isf c n Xi = n CXi, i.e., ifJ 
the product of {CXi} belongs to C. 
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We shall consider three approaches to the above questions concerning topological 
groups that are sequential in some sense. The first one is that used by S. Mazur in 1952 
and improved by N. Noble in 1970, who changed the Mazur’s factorization method by 
a stronger one allowing him to consider also some topological spaces not satisfying a 
countability condition. Such a restriction is not necessary to do in uniform spaces, where 
factorization methods work for all spaces-we shall show in the second part how it can 
be applied to topological groups. The third approach is an analogy of the second one, 
but it makes use of specific properties of topological groups. In any of the approaches, 
the successive approach could give better results; that it is not the case, follows from 
a recent Balcar’s result. In the last part of the present paper, some results are obtained 
when the ranges of homomorphisms are restricted to smaller classes. 
1. Topological approach 
In 1952, Mazur considered sequentially continuous mappings on products of topolog- 
ical spaces, [ 121. The following result follows from his investigation (following [ 13 1, we 
denote by 5 the first cardinal such that there exists a noncontinuous, sequentially contin- 
uous mapping f : 2* + R; Mazur proved that 5 is weakly inaccessible; every cardinal 
greater or equal to s is said to be a sequential cardinal): 
Mazur. Every sequentially continuous mapping from a product of less than B of metric 
separable spaces into a metric space is continuous. 
In fact, Mazur formulated a result that is a little stronger as to the spaces involved, but 
weaker as to the cardinals involved. His procedure was to factor the considered sequen- 
tially continuous mapping via a countable subproduct. Consequently, in that procedure, 
some countability assumption for the spaces involved must be present. 
An important contribution to that result was made by Noble [ 131; there is a mistake in 
the paper but it does not influence results we are interested in. He noticed that mappings 
on products into regular spaces are continuous if they are continuous on every of their 
C-products and on every product of two-point subspaces of coordinate spaces. Next he 
proves that C-products of first countable spaces are FrCchet spaces. He calls a topolog- 
ical group G an s-group if every sequentially continuous homomorphism on G into a 
separated topological group is continuous (thus s-groups form a coreflective subcategory 
of topological groups). Using the last mentioned result for discrete spaces, he shows that 
every sequentially continuous homomorphism on a product of s-groups into a separated 
group is continuous on every its C-product. Consequently, 
Theorem 1 (Noble). Every sequentially continuous homomorphism from a product of 
less than 5 s-groups into a separated group is continuous, i.e., the product is an s-group. 
In fact, a little more general result is proved, namely that some large subgroups of the 
product are s-groups. 
M. HuSek / Tqxhgy und its Applications 70 (1996) 155-165 157 
D.V. Cudnovskij was interested in the Mazur’s result from another point of view. He 
was interested how big the cardinal 5 may be. He published his results in several papers; 
” 
we quote [2] and [6] where other references can be found. Cudnovskij proved that 5 is 
very large, much larger than the first weakly inaccessible cardinal, but always at most 
the first real-measurable cardinal mw; either 5 < 2” or 5 = m (by m we denote the 
first uncountable two-valued measurable cardinal, sometimes called Ulam measurable 
cardinal). Another &dnovskij’s result says that under Strong Baire Category Theorem 
(SBCT, in particular, under MA or CH), 5 = m. Recent results and references concerning 
the Keisler-Tarski problem, whether s = rnR, can be found in [ 141. 
We shall now reprove the Noble’s result using a slightly different procedure than 
described above; our procedure will be used later in the other approaches; it is closer to 
the Mazur’s approach. It is not necessary to suppose in Theorem 1 that the range of the 
map is separated because maps are continuous into a space iff their compositions with the 
To-modification of the space are continuous (and the To-modification preserves groups). 
Also it may help to realize that a topological group G is s-group iff G = T~sG, i.e., 
G is the finest group topology on the group G coarser than the sequential modification 
of the group topology of G (TV denotes the upper modification of topologies in group- 
compatible topologies on a given group). 
Proof of Theorem 1. Denote by S the class of s-groups. It is easy to see that S is 
finitely productive in all topological groups. This observation follows for instance from 
considerations in [lo], but it may be faster to prove it directly: if f : GI x G2 + H is 
a sequentially continuous homomorphism and Gi are s-groups, then for every neighbot- 
hood U of the neutral element in H there are neighborhoods Vi of the neutral elements e, 
in Gi such that f(V, x {el}) C U, f({el} x V2) c U; consequently, f(Vl x VT) c U.U, 
which implies that f is continuous. 
To show that S is countably productive in topological groups, take a sequence {G,} 
of s-groups (with the neutral elements e,), and a sequentially continuous homomorphism 
f : flnEw G, -+ H. Clearly, f is continuous on the product n,, lGnl of G,‘s endowed 
with the discrete topologies and on the subspaces fly Gj x {ei}j,n of n, G,. But the 
only topology on the group n, G, compatible with its group structure, coarser than 
n, IG,/, and containing n; Gj x {ei}3,n, is the product topology. Thus f must be 
continuous on n, G,. 
Suppose now that {Gi}l is a collection of s-groups, and 111 is not sequential. Take 
a sequentially continuous homomorphism f : n, Gi -+ (H, d), (H, d) a right-invariant 
metric group. By ei, e, e’ we denote the neutral elements of Gi, n, Gi, H, respectively. 
Define J = (i f 1: fZi # e’ for some Zi that differs from e exactly on the ith 
coordinate}; clearly, J is countable (otherwise there is a countable sequence of zi’s 
with d(f(zi),e’) > f T or some positive T, which contradicts the fact that the sequence 
converges to e). We shall prove that f depends on J. Take z = {xi} with pr, z = pr, e; 
we must prove that f~ = e’. Take X = &{ei, Zi} c n, Gi. By our assumption on 
111, the restriction of f to X is continuous. For each finite F C I define ye to be the 
point in X with the ith coordinate equal to ei if i E F, and equal to xi otherwise. Then 
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ye differs from x in finitely many coordinates outside J and, consequently, f(y~) = f x 
by the definition of J. On the other hand, {ye} converges to the neutral element, which 
implies that fx converges (i.e., equals) to e’. So, f depends on J and by the previous 
paragraph, f is continuous. 0 
If one knows that the K-power of discrete groups is an s-group, then the second 
paragraph of the previous proof shows that any product of K-many s-groups is an s- 
group. We shall show in the third section that the assumption may be still restricted (to 
consider only countable or even two-point discrete groups). 
In the last paragraph of the proof of Theorem 1, we have used the following well-known 
fact: a topological group G is an s-group iff every sequentially continuous homomor- 
phism into a right-invariant metric group is continuous (realize that every topological 
group is a topological subgroup of a product of right-invariant metric groups, and that 
(sequential) continuity of maps into a right-invariant metric group is invariant under “left- 
shifting” of the metric). Since right-invariant (pseudo)metrics on a given group are in l-l 
correspondence with (pseudo)norms on the group, we get that a topological group G is 
an s-group iff every sequentially continuous pseudonorm on G is continuous (a mapping 
h: G -+ IR is called a pseudonorm if h(e) = 0, h(s-‘) = h(z), h(zy) < h(z) + h(y)). 
In the sequel we shall use without references the following equivalences for a product 
n Gi of topological groups: 
(a) There exists a noncontinuous, sequentially continuous homomorphism on nGi 
into a topological group H. 
(b) There exists a noncontinuous, sequentially continuous homomorphism on fl Gi 
into a right-invariant metric group H. 
(c) There exists a noncontinuous, sequentially continuous pseudonorm on n Gi. 
Our next results will be formulated in terms of the situation of (a). 
2. Uniform approach 
In 1978, the present author and M.D. Rice investigated sequential continuity in uniform 
spaces, [9]. They found a surprising fact (at that time) that the Mazur’s factorization 
procedure is much stronger when used in uniform spaces. 
First, we shall recall basic definitions (see, e.g., [S]). A mapping f : X + Y between 
uniform spaces is said to be uniformly sequentially continuous if it maps adjacent se- 
quences of X into adjacent sequences of Y (two sequences {xn}, {yn} are adjacent 
if the sequence {(z,, yn )} is eventual in every uniform neighborhood of diagonal). A 
uniform space is said to be uniformly sequential if its uniformity is the finest one having 
the same adjacent sequences, or equivalently, if every uniformly sequentially continu- 
ous mapping on the space into a uniform space or into a metric space, is uniformly 
continuous. Every fine uniformity of a completely regular sequential space is uniformly 
sequential (not conversely); unlike in topological spaces, uniform sequentiality is not 
closed hereditary (even compact subspaces of uniformly sequential spaces need not be 
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sequential). The class of uniformly sequential spaces is coreflective in uniform spaces 
(denote the coreflection by s,). 
Denote by u the first cardinal such that there exists a uniformly sequentially continuous 
mapping f : 2” -+ Iw that is not (uniformly) continuous; we shall call every cardinal 
greater or equal to u a uniformly sequential cardinal: 
Hugek, Rice. Every uniformly sequentially continuous mapping from a product of less 
than u of uniformly sequential spaces into a uniform space is uniformly continuous. 
The authors also proved that a < u < mIlg, so the above Cudnovskij’s results apply 
also to u. We can restate the preceding result: Every product of less than u of uniformly 
sequential spaces is uniformly sequential. Thus it is consistent with ZFC that the class 
of uniformly sequential spaces is productive. 
We shall now try to use the above result about uniform spaces in topological groups. 
First we must realize that a topological group is an s-group if its right uniformity is 
the finest group-right uniformity coarser than its uniformly sequential modification. In 
other words, G is an s-group iff (G, u,) = glLsu(G,uT) (here we denote by gu the 
upper modification of every group endowed with a uniformity, in the class of topological 
groups, and by u, the right uniformity). We may add also a characterization similar to 
the topological definition of s-groups: A topological group is an s-group iff every right- 
uniformly sequentially continuous homomorphism on G into every topological group (or 
every right-invariant metric group) is right-uniformly continuous. 
Unlike in the topological case, where uncountable products of sequential topological 
groups need not be sequential, in uniform spaces the situation is different. That is why 
we introduce the following definition. 
Definition 1. A topological group is called u-sequential if its right uniformity is uni- 
formly sequential. 
A topological group G is u-sequential iff (G, u,) = s~(G, u,), thus every u-sequential 
topological group is s-group. 
Clearly, a topological group G is u-sequential iff every right-uniformly sequentially 
continuous mapping on G into every uniform space (or every metric space) is right- 
uniformly continuous. (The expression “right-uniformly” stands for “with respect to the 
right uniformity”.) 
We can now use the “uniform” results from [9] mentioned above to our case and get 
the following equivalent results: 
Theorem 2. (i) Every sequentially continuous mapping from a product of less than u 
u-sequential topological groups into a topological group is continuous. 
(ii) Every product of less than u u-sequential topological groups is u-sequential. 
(iii) If II( is not uniformly sequential, then n, sUGi = s, n, Gi for any topological 
groups Gi. 
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Theorem 2 easily implies the next Theorem 3. We need the following: 
Lemma 1. The equality gZL fl Hj = flg,H, holds for any collection of groups Hj 
endowed with topologies. 
Proof. Always the topology of gZ1 n Hj is finer than that of n guHj. To prove the 
converse, take a neighborhood U of the neutral element e in gU n Hj. Since gU n Hj 
is coarser than n Hj, U contains {ei}F x njeF Hj for some finite F. Moreover, our 
assertion clearly holds for finite collections, and so there are neighborhoods Vi of ei in 
g,Hi such that U > flF Vi X {ei}+F. Hence U. U > nF Vi x flieF Hi, which is a 
basic neighborhood of e in n Hj. 0 
Theorem 3. Every product of less than u s-groups is an s-group. 
Proof. Let Gi be s-groups, i.e., Gi = guSuGi (for the right uniformities), and III < u. 
Then 
where the first equality follows from Theorem 2, the second one from Lemma 1. 0 
3. Approach in topological groups 
We shall try to modify the previous method for groups, with a hope that one gets 
stronger results than just by using results for uniform spaces. When we look at our 
proof of the Noble’s result, only the third part is nontrivial. For the part dealing with 
maps on generalized Cantor spaces, we have not used in full the fact that the map is a 
homomorphism. One may expect a more general result if we take also that property into 
consideration. 
We shall denote (following [15]) by g the first cardinal such that there exists a non- 
continuous, sequentially continuous homomorphism on a product of g-many topological 
groups (or s-groups) into a topological group. By previous considerations, we have 
u < g and it is not difficult to show that g 6 rnw (measures are sequentially continuous 
pseudonorms). Thus under SBCT, the cardinal g coincides with 5, u and m. 
There is a difference in the previous definitions of s,u and of 0. In previous cases, 
both cardinals were defined by a fixed domain space (a power of 2) and by a fixed range, 
namely R. Our next result shows that also in topological groups we can take a fixed 
domain and a fixed range (if we admit pseudonorms instead of homomorphisms). 
Theorem 4. The cardinal g is the first cardinal such that there exists a noncontinuous, 
sequentially continuous homomorphism on ZO into a topological group, i.e., the first 
cardinal such that D is not an s-group, 
Proof. We must show that if Z” is an s-group then every product G = nacn G, of K 
many s-groups is an s-group. Take a sequentially continuous homomorphism f : G + 
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(H, d), (H, d) is a right-invariant metric group. We must prove that f is continuous. We 
shall continue as in the last paragraph of the proof of Theorem 1 and use its notation: 
define the countable set J C I and try to show that f depends on J. Take again some 
IC = {zca} E G with pr, z = prj e. Now, instead of restricting our f to X as in the 
proof of Theorem 1, we take the composition fp, where cp is the canonical continuous 
homomorphism cp :Z” -+ G defined coordinatewise and mapping the point 1 of the cvth 
copy of Z into x,. The map f cp : Z” -+ H is sequentially continuous, thus continuous by 
our assumption on 6. The points ye E G in the proof of Theorem 1 are images of some 
points LF E Z” having nonzero coordinates on F only; the net (2,: F is a finite subset 
Of &} converges to { 1); consequently, the images (fp)(ZF) (= f(yF) = e’) converge 
to (fp)({l}) = f(x), and thus f(x) = e’. 0 
Still there is a difference in comparison with the corresponding situation in topological 
or uniform spaces. There, the testing space is the generalized Cantor space 2&. I must 
admit that I was not sure that one can use the group Zc instead of Z” in Theorem 4 
above. Uspenskij showed in [15] that ZF can be used, and I realized after reading his 
preprint that also the above proof works for ZF instead of Zn, only it is better to use 
pseudonorms instead of homomorphisms. 
Theorem 5 (Uspenskij). The cardinal 0 is the first cardinal such that there exists a 
noncontinuous, sequentially continuous homomorphism on Zi into a topological group, 
i.e., the first cardinal such that Zi is not an s-group. 
Proof. It suffices to show that if Z$ is an s-group then every product G = n,,, G, 
of K many s-groups is an s-group. Take a sequentially continuous pseudonorm f on G; 
we must prove that f is continuous. We shall proceed as in the proof of Theorem 4 until 
the definition of p that we take now to be defined not on Z” but on ZT. (In fact, that 
is the original Mazur’s procedure.) The mapping d(fp, e) need not be a pseudonorm 
but it suffices to take its upper monotone modification to get a pseudonorm: for z E 25; 
define h(z) = sup,G,{4f(cp(y))T e)). It is not difficult to show that h is a sequentially 
continuous pseudonorm on iZ2. Indeed, to show that h is a pseudonorm, it suffices to 
show that h(zl + 22) 6 h(zl) + h(zz), which follows immediately from the fact that, 
because of monotonicity of h, we may assume that the sets having the characteristic 
functions zl,z2 are disjoint, then cp(zl + 3) = cp(zi) + (p(z2) and f is a pseudonorm, 
which gives the requested relation. It is well known that for sequential continuity of 
pseudonorms on iz;, it suffices to show that if z, decreases to {0}, then h(z,) goes to 
0; if for all n, h(z,) > T for some positive r then, by the definition of h, there exist 
yn < zn with 4f(cp(yn)),e) > r; but yn + {0}, which implies f(cp(y,)) -+ O-a 
contradiction. 
By our assumption, h must be continuous, and the rest of the proof is almost the 
same as that of Theorem 4: take again the points zF; clearly, h(ZF) = 0 and, therefore, 
h({ 1)) = 0. Since f(x) < h({ l}), we get f(x) = 0. 0 
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We can now use the following deep result from [4]: There is a nontrivial Maharam 
submeasure on 5. (Recall that a Maharam submeasure on K is an increasing, nonnegative, 
subadditive and sequentially continuous map p : 2n + W with ~(0) = 0.) 
Theorem 6. The cardinals 5, u, g coincide. 
Proof. It suffices to realize that a nontrivial Maharam submeasure on K is a sequentially 
continuous pseudonorm on Z; that is not continuous. Indeed, p(A + B) = p((A \ B) U 
(B\A)) <P(A\B)+P(B\A) GcL(A)+P~(B). •I 
Thus using finer methods in Sections 2 and 3 does not lead to better results. Never- 
theless, to come to that conclusion we had to go through most of Section 3. 
4. Special situations 
One may expect that the above results can be improved in special situations. For in- 
stance, the Varopoulos result from [ 161 says that every sequentially continuous homomor- 
phism between compact groups of nonmeasurable cardinalities is continuous. (Comfort 
asked in [5] whether the converse of the Varopoulos result is true, and answered it in 
the affirmative for Abelian or connected groups; the full affirmative answer was given 
by Uspenskij in [ 151.) We are interested in situations where domains are restricted to 
products, so we may expect to get even more. By T we shall denote the compact group 
W/Z. 
Theorem 7. If K < m, then every sequentially continuous homomorphism on a product 
of n-many s-groups into a compact group is continuous. 
Proof. If the assertion is not true, there is a noncontinuous, sequentially continuous 
homomorphism f : Zn -+ H, where H is a compact right-invariant metric group. Taking 
the closure of the image under f, we may assume that H is a compact Abelian group. 
As such, H is a topological subgroup of a power TX and, hence, we may assume that 
H = ‘IJ = (0, 1). 
As follows from the procedure of the proof of Theorem 5, there exists a coordinatewise 
embedding g : 2” + Z” such that (if we consider 2” as the potential set exp K, and denote 
h = fg) h(n) # 0, h(A) = 0 f or every countable subset A of K. We shall next show that 
there exists a subset X c K such that h(X) # 0 and for every A c X either h(B) = 0 
for every B c A or h(B) = 0 for every B c X\A. If not, we can construct a decreasing 
sequence {A,} and a disjoint sequence {B,: n > 0) such that 
A0 = X, Bn+l c A, \ A,+I, h(B,) # 0. 
Now, it suffices to realize that there are integers Ic, such that 
E k,h(&) 
n=l 
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does not converge in T. Since the sequence {B,} is disjoint, the series C Ic,g(B,,) 
converges in Zn, which contradicts the sequential continuity of f. (To find integers Ic,, 
it suffices to take for each n such an integer Ic, that Ic,h(B,) E (0.1,0.9).) 
We may suppose that X = K. Denote X = {A c X: h(A) # 0). We shall show 
that the collection X is an w-complete free ultrafilter on 6, which gives the desired 
contradiction with K < m. We shall use the fact that h is additive on disjoint sets (since 
f is a homomorphism). If A C X, then exactly one of the sets A, X \ A has the h-value 
0. Also, it is clear that if h(A) = 0, then h(B) = 0 for every subset B of A. To show 
that X is an ultrafilter, it remains to prove that h(A n B) # 0 provided h(A) # 0, 
h(B) # 0; if h(A f? B) = 0, then h(A \ B) # 0, h(B \ A) # 0, which contradicts the 
defining property of the set X. The fact that X is w-complete follows from the sequential 
continuity of h: if A, is an increasing sequence outside X, then {A,}FzO=l + U A,, and 
h(U A,) = lim h(A,) = 0. •I 
A limit for ranges in Theorem 7 is given by previous results and by the Varopoulos 
theorem: if m > K 2 5 (in particular, if K = ma 6 2w), then there is a sequentially 
continuous homomorphism of Z: onto a noncompact metrizable group. An example of 
this kind was constructed without using the Varopoulos theorem in [3]. 
Our Theorem 7 may be compared with Theorem n from [16] asserting that every 
sequentially continuous homomorphism from a product G of metrizable compact groups 
into a locally compact group having no small subgroups is continuous provided JG[ < m. 
The only special property of T used in the proof of Theorem 7 was that 
(*) for every sequence {z~} of nonneutral elements there is an infinite set S c N and a 
sequence {Icn} of integers such that Es &CC, does not converge. 
If we denote by 7 the bireflective hull in all topological groups of those ones satisfying 
(*) reformulated for non-Abelian group operations instead of summation, then Theorem 
7 can be reformulated for ranges belonging to 7 instead of compact groups (in fact, the 
beginning of the proof suggests even a stronger result). 
A stronger property than (*) is its modification (c*.), where one needs that {z$} 
does not converge to the neutral element instead of the condition for sums. Still stronger 
condition than (*-k) is the property that there are no small subgroups (i.e., there exists 
a neighborhood of the neutral element not containing nontrivial subgroups). The last 
mentioned property coincides with (++) in metrizable groups. Otherwise all the three 
properties are different: the countable small a-power of IR is a metrizable group having 
(A) but not (*7t), the power lRwl endowed with the Gs-modification of the product topology 
has both small subgroups and (-k*). 
For instance, R, any discrete group, any locally convex space, every topological group 
with a Gs-topology, all their products and subgroups of the products, belong to 7. From 
many possibilities we shall formulate the following two (recall that a locally convex space 
is called a Mazur space, if any its sequentially continuous functional is continuous): 
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Scholium. (1) If K < m, then every sequentially continuous homomorphism on a product 
of K-many s-groups into a topological group having a base at the neutral element of 
open subgroups, is continuous. 
(2) Every product of nonmeasurably many Mazur spaces is a Mazur space. 
The assertion (2) is related to a Mazur’s result asserting that the space C,(X) of 
continuous functions is a Mazur space iff X is realcompact, where C,(X) is endowed 
with the topology of pointwise convergence (see, e.g., [Ill); the Mazur’s result shows 
that one cannot prove (2) for measurably many Mazur spaces. This last assertion is easy 
to show directly: 
Suppose that I_L: 2”’ -+ 2 is an Ulam measure. One can extend p to a sequentially 
continuous functional (thus not continuous) on IL?“’ in the following way: for any {ra} E 
Rm there is a unique r E IR with ~{cu: T, = r} = 1, and one defines f{r,} = T. 
Theorem lJ was for Varopoulos a starting point for proving his main result quoted at 
the beginning of this section. To reprove his main result using our approach, a natural way 
would be to embed a compact group G into a product of metrizable compact groups, 
and to show that every sequentially continuous homomorphism on G into a compact 
metrizable group depends on countably many coordinates. Such a procedure could avoid 
more complicated procedures used in [ 161 and [ 151. 
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